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This paper proposes a new method for parameter estimation of aircraft dynamics modeled in state space. The
developed method employs the smoother, which estimates the state and unknown parameters, combined with
expectation-maximization algorithm to estimate unknown statistics in the problem, i.e., the mean and covariance of
an initial state, and the noise covariances. To approximate the expectation values in the expectation-maximization
with a reasonable computational cost, an unscented transform based on the estimates obtained by the unscented
Rauch-Tung-Striebel smoother is employed. Moreover, nonconvex numerical optimization algorithms are not
necessary in the maximization step of the expectation-maximization, because the optimums of the unknown statistics
are given in analytical forms. Thus, the developed method achieves low computational cost and high robustness. Its
effectiveness is demonstrated through two problems of estimating aircraft aerodynamic parameters.

1. Introduction

ARAMETER estimation of aircraft through flight test data is an

important technique for analyzing flight mechanics and
designing flight control systems [1-3]. This paper proposes a new
method for parameter estimation of aircraft dynamics modeled in
state space.

Many estimation methods have been developed so far. The
equation error method [4,5] and the output error method [6,7] have
been widely used for parameter estimation of aircraft due to their
simplicity. However, practical flight test data is often significantly
affected by both the process and measurement noise [3]. Thus, the
filter error method (FEM) [8,9] and the filtering approach (FA) [10],
which cover both the process and measurement noise, have been
regarded as reliable estimation methods [3]. In the FEM, the
maximum likelihood problem based on the estimated output
obtained by an optimal filter is solved. This method has been
frequently applied to linear dynamic models [8] using the Kalman
filter, but it has also been extended to nonlinear dynamic models
using the extended Kalman filter (EKF) [9]. In the FA, on the other
hand, a parameter estimation problem is transformed into an
augmented state estimation problem by regarding the unknown
parameters as additional state variables. The Kalman filter offers
optimal estimation of the state variables for linear dynamic models,
while the EKF and the unscented Kalman filter (UKF) [11,12], which
estimates the states and outputs via an unscented transform, are
frequently used for nonlinear dynamic models. Both the FEM and FA
are based on the optimal filtering, i.e., the optimal estimation using
the measurement data at a certain time is iterated from an initial time
to a final time. In contrast, the smoothing approach computes optimal
estimates of unknowns based on the entire measurement history.
Thus, it has a potential to offer more accurate estimations than the
method based on the filtering.

Methods using the nonlinear programming [13,14] are the
candidates for effective smoothing. However, they can be compu-
tationally expensive and not easy to implement, because they
include nonconvex numerical optimization algorithm such as the
interior point method [15] and the sequential quadratic
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programming [16,17]. In this paper, on the other hand, we adopt
the unscented Rauch-Tung—Striebel smoother (URTSS) [18],
which is computationally inexpensive and relatively easy to imple-
ment. The URTSS uses an optimal backward smoothing, which
recursively computes corrections to the forward estimation by the
UKEF. By using the unscented transform, the URTSS approximate
the probability density functions (PDFs) more accurately than the
smoother based on the first-order approximation, i.e., the extended
Kalman smoother (EKS). Actually, it has been reported [18] that
the URTSS achieved more accurate estimation than the UKF, EKF,
and EKS. Nevertheless, similarly to the UKF, EKF, and EKS, one
of the major limitations of the URTSS is that it needs another
approach to estimate statistics in the problem, i.e., the mean and
covariance of initial state (or initial augmented state) and the noise
covariances.

Therefore, this paper proposes a new algorithm which combines
the URTSS and the expectation-maximization (EM) algorithm [19].
The EM is used to estimate the unknown statistics in the problem.
Similar methods which combine some smoothers with the EM are
givenin [20,21]. The application area of the method in [20] is limited
to linear systems. On the other hand, the method in [21], which
adopts the particle smoother [22], is applicable to nonlinear systems
with unknown parameters and statistics. Nevertheless, it is necessary
to numerically solve an optimization problem of a log-likelihood
function, which is generally nonconvex and often numerically ill-
conditioned. Thus, the convergence of the algorithm is affected by
the robustness of the numerical optimization algorithm used therein.
Moreover, the particle smoother may be computationally expensive
because it needs many sample points to achieve accurate estimation.
In sharp contrast to this, the method proposed in this paper does not
require nonconvex optimization algorithm, because the optimums of
the unknown statistics at each step of the EM are derived in analytical
forms. Moreover, the computational cost of the developed method is
relatively low, because an unscented transform based on the
estimation results by the URTSS, which attains high accuracy with a
reasonable number of sample points (i.e., sigma-points), is adopted.

The effectiveness of the developed method is demonstrated
through two examples. The one is a problem of estimating lateral-
directional aerodynamic parameters of linearized aircraft dynamics.
This is a relatively simple benchmark problem and the flight test data
used therein is artificially generated. The other is a problem of esti-
mating longitudinal aerodynamic parameters of nonlinear dynamics
of a research aircraft. A real flight test data is used therein and the
problem is of more practical importance.
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II. Developed Method
A. EM Algorithm

Let 6, X, and Y be a vector of unknown statistics, a set of missing
data, and a set of measured data, respectively. The elements of X and
Y are assumed as probabilistic variables. Thus, due to the definition
of conditional PDFs, the following equation holds:

log pg(Y) = log py(X,Y) —log py(X|Y) 1)

where py(-) denotes a PDF that depends on 6. The objective of the
maximum likelihood estimation is to find @ which maximizes the

pe(Y), i.e., the likelihood function. Let 6 be a current estimate of 6.

Then, expectations of the both sides of Eq. (1) conditioned on fandY
are

log pe(¥) = / pi(X|¥) log pe(¥) dX
- / pi(X¥) log pe(X. ¥) dX
- [ pitxytog py(x17) ax @

From (2), the following equation holds:

log py(Y) —log p;(Y) = L(6,6) — L(8. )

pa(X|Y)
~(X|Y)log—+= dX 3
+ [ pacximyog 22 ®
where
L(0.6)2 / pi(XI¥) log pe(X. ¥) dX @

The third term of Eq. (3) is referred to as the Kullback—Leibler
information distance [23] from py(X|Y) to p;(X|Y), and it has been
proved to be nonnegative for arbitrary # and 6. Therefore, from
Eq. 3),if L(6,0) > L(0.0), then py(Y) > p;(Y). On the basis of
this viewpoint, the EM calculates the optimum of €, which
maximizes the likelihood py(Y), by alternately repeating the
following steps:
1) E (expectation) step:

Calculate: L(6, é,) (5)
2) M (maximization) step:

Find: é,+, =arg mgixL((), é,) (6)

where é, denotes the estimate of @ at #(> 1)-th iteration. An initial
estimate of 0, i.e., 6, should be given in advance.

B. Application of EM to Parameter Estimation of Nonlinear Systems
The following nonlinear discrete system is covered in this paper:

X = f(Xpup p) + wy (7

Yi=h(x,u, p) + v, ®)

where k(=0, 1, ---, N) is the index of time step, X, € RY is the state,
u, € R” is the measured input, p € R/ is the unknown parameter,
Yi € R? is the measured output, w;, € R? is the process noise, and
v; € R? is the measurement noise. It is assumed that the measured
inputs u, - - -, uy are deterministic variables, whereas the measured
outputs y, - - -, yy are probabilistic variables. In addition, the process
noise w; and the measurement noise v, are assumed to yield the
Gaussians with zero means, i.e.,

w,~N(0.0) ®

v, ~N(0,R) 10)

where the covariances Q € R?7*? and R € RP*? are positive definite
matrices. Although Eq. (7) appears to only cover the additive process
noise, it is possible to convert state equations with nonadditive
process noise in the form of Eq. (7), as described in Appendix A.

Let us introduce an augmented state x; 2 [xT pI']" eR"
(n £ g + ) and the following augmented state equation:

xk_H=|:xk+1i|=|:f(xkvuk9pk)+wki| (11
Pr+1 Pk

Moreover, assume that the initial augmented state x, yields a
Gaussian as follows:

xo"’N(Je()vPo) (12)

The statistics X, Py, @, and R are also unknown in general. Thus, the
problem considered in this paper is estimating these unknown
statistics as well as the unknown system parameter p based on the
measured data sets of inputs Uy 2 {uy,---,uy} and outputs
Yy 2 {¥0»* ", yn}- The unknown statistics are estimated in the EM
by collecting their elements into #. On the other hand, the unknown
parameter p is estimated by applying the URTSS to Eqgs. (8) and (11)
based on the current estimate of @ given by the EM. This means that a
set of augmented states X y 2 {x¢,--,xy} and Y, are, respectively,
taken as the missing data and the measured data in the EM.

From Egs. (8) and (11), log py(Xy, Y ) can be written as follows:

N-1
log py(Xy.Yy) = 1og py(xo) + Z log pg (1 [x,)
=0
N
+ ) log pe(yilxi) (13)

k=0

Now let J (6, é) =—-2L(6, é) be the cost function to be minimized,
ie.,

10.6)=-2L(0.6) =2 [ p{ (XY 0oy (X ¥ Xy (14)

Substituting Eq. (13) into Eq. (14), J(G,é) can be rewritten as
follows:

JO.0) =T, +J,+ ], (15)

where

32 <2 [ pytaal¥) t0g o) (16)
=

J = —22 [pé(xksxk+l|YN) log po(Xis11x4) dxpy dxy (17)
k=0

N
J3 22 Z [pé(xk|YN) log pg (yilx;) dx; 18)
k=0

In the developed method, the expectation values in Egs. (16-18)
are calculated by using an unscented transform based on the
smoothing. For this purpose, the UKF and URTSS are adopted. Thus,
we give brief overviews of the UKF and URTSS in Secs. II.C and II.D
before deriving the method to calculate Egs. (16-18).

C. Overview of UKF

Similar to the conventional Kalman filters, the UKF is composed
of the time updates and the measurement updates. In the time update,
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(2n)

sigma-points Xl(:\)ZvXL}Zs“"Xk\ka and their associated weights

defined next are adopted:

x(i)

X(i) | Xk
klk — p@)
Xk

fk\k :i=0
Al R tap nt i (PR c1<i<n (19)
R —op/n k(PR tn+1<i<2n

1—n/las(n+kp)] :i=0,

(@) f f

Wy {1/[2a/(n+xf)] 1<i<2n (20)
Wi +1— (=0,

Wy A{ w1+ py 20 @1)
Wmf 1 <i<2n

where xi‘(k) € R7 and x i W) ¢ R! correspond to the state and the
unknown parameter, respectlvely. Xy and Py denotes the mean and
covariance of p;(x;|Y,). In addition, (Pm)}/ % denotes the i-th
column of (P} ©)!/2. Furthermore, o, By, and k; are tuning
parameters, whose values are typically o, € [1073, 1), B;=2,and
ky =3 —n or 0. Then, the means and covariances of p;(x;;|Y})
and p;(yi41|Y,) are approximated by the following unscented
transform:

2n

X = Z Wﬁ,}xiﬂl\k 22)

i=0

2n
2 ~ (i) N (i) N T
Pﬁuk = Z Wy (Xk+||k xk+l\k)(xkl+]\k = Xpq1k)
i=0

+ diag[Q, 0] (23)
2n
P = Z W (24)
Plli»l\k = Z W(l)(”kﬂ\k 5’k+1\k)(ﬂ§3r1|k - .)A’k+1\k)T +R (25)

2n

PP = Z W = Fre) @ — S’ (26)

where
x(i) x(i) p(i)
Xi+1ik f(kasuIUka) .
Xie=| 25 oy (i=0,---.2n)
Xir 1)k Xk

@n

n ](clJ)rl|k = h(X}:(i)ukv Upis XZ$)1|1<) (i=0,---.2n) (28)

On the other hand, in the measurement update, the mean and
covariance of the augmented state are calculated by the following
equations:

£k+1|k+1 = £k+1\k + Ly (Y1 — 5’k+1|k) (29
P}:il|k+l Pk+1\k Lk+1P}iil\kLljf-+l (30)

where L, is the optimal gain given as follows:

L= P]til\k(Pk+1\k)71 3L

The algorithm of the UKF can be described as follows:

1) Step F-1: set k = 0. Let the mean and covariance of the initial
augmented state as X = ¥, and Pgjj, = Py, respectively.

2) Step F-2: calculate the means and covariances of pa(xk+, |Yk)
and Pp()’k+1 |Yk) by Eqgs. (22-26) using the sigma-points xk‘k, xH”k,
and ﬂk+”k(l =0,---,2n) defined by Egs. (19), (27), and (28).

3) Step F-3: calculate the optimal gain Lk+1 by Eq. (31). Then
calculate the mean X, and covariance Py} of the
augmented state by Egs. (29) and (30).

4) Step F-4: increment k by one. If k = N, calculate ka(l =
0,---,2n) by Eq. (19) and exit. Otherwise, go back to step F-2.

k+1]k+1

D. Overview of URTSS

For convenience, let us define z; 2«7 xi,,]7. Because the
sigma-points x}(’l”k(i =0,---,2n) given by Eq. (27) yield a joint
PDF p;(zi|Yr) = pj(xis1lx0) py(xe]Yy), the following equation

holds:
_ Xk Pﬁck Cin ])
(2 Y ) =N . (32)
Pe( 1Y) (|:xk+l|k] |:ij+l Pk+1|k

where

2n

Cip = Z W(l)()(uk fk|1<)()(;(¢111\k — X" (33)

i=0
On the other hand, the PDF p;(x;|x;;;,Yy) can be rewritten as
follows:

P(j(Zk|Yk)

_— 34
Pé(xk+1 1Y) 9

pé(xk|xk+l9 Yy) = pé(xk|xk+l9 Y, =

Let us assume p;(x;.|Y;) and ps(x;,|Yy) yield Gaussian
distributions, i.e.,

Pixe1 1Y) = NEepne Pg) (35)

N@E s PEw) (36)

Substituting Egs. (32) and (35) into Eq. (34) yields

P |Yy) =

Pielxisr, Yn) = NEppe + Dy — Fegr)s Py

— D}, D) (37)
where
D, :Ck+|(Pij||k)" (38)

In addition, by substituting Eqs. (36) and (37) and into the equation

P§(zilYn) = pgxilxis1, Yo) pg(xi41|Y ), One obtains
P (zx|Y) = N(2k|Nv Sk\N) (39)
where
Gy = [’ek‘k * Dk;’ik:l"\; - fmk)] (40)

P;* + D (P P> )DT D.P*
S | Kk ey — P Dy ”k+1\N (41)
Hw |: Pk+l\NDT Pl
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Marginalizing Eq. (39) with respect to p;(x.1|Yy) then yields

P (e |Yy) = N(-’ekw» Pﬁcjv) 42)

where

Xy = X + Di(Fpyniy — Ferp) 43)

Py =Py + Dk(Pz)«(HIN - Piiuk)Dz (44)

In summary, the procedure of the URTSS can be described as
follows:

1) Step S-1:setk = N — 1. Set the meaanN and covariance Py
as those obtained by the UKF.

2) Step S-2: calculate C,, |, Dy, )2,(‘,\,, and P)Z\XN by Eqgs. (33), (38),
(43), and (44).

3) Step S-3: exit if k = 0. Otherwise, decrement k by one and go
back to step S-2.

E. Calculation of Cost Function

In this section, we derive a method to calculate the expectations
appear in the constituent terms of the cost function given by
Eqs. (16-18).

For convenience, let f, and h;, denote f(x,u;, p;) and
h(x;,ui, pi), respectively.  From — p;(x,.[x) = N(fi. Q),
Pir1 = Pre pi(yelx) =Nk R) and Eq. (12), the following
equations hold:

1 A
log py(x0) = =3 [Ilxo = %o [} +logdet Py + nlog(2m)]  (45)

+ logdet Q + glog(2n)]
(46)

1. .
log pg(xyq1x:) = —§[||xk+1 - fk||2Q—l

+ logdet R + plog(2m)]
(47)

1
log pg(yilxy) = _E[Hyk - hk”?rl

where [|x|% £ xT Ax. By substituting Eqs. (45-47) into Egs. (16—
18) and manipulating them, the constituent expectation terms of the
cost function, i.e., J;, J,, and J3, can be expressed as follows:

J = /[||x0 —.f'()”za, + log det Py p;(xo|Y y) dx, + const

= [ o = o+ o = ol o xal¥i) b + log et Py

+ const = Tr[Pal{Png + (onlN — 'QO)('QO\N — j\fo)T}]
+ log det Py + const (48)

N—
=3 [ = fully .+ toxdet @)py(zulYg) dzy -+ const

= Z/l|ik+l _£i+||1\/ _fk +fk|N +£i+||1v _fk\N”zQ—l

x ps(z4|Yy)dz, + Nlogdet Q + const
. 1T
= T"|:Q Z{(Pk+l|N) + P{c\j;v k+l\N kaiuzv

+ Uy }] + Nlogdet Q + const (49)

N
5= Y [l +ogdet Rpg(x Y, + const
k=0
N A A
= [ e o gy = Il Y b+

k=0
N A

+ 1)logdet R + const = Tr[R‘I Z{(yk —hy) (O
k=0

— ) + PQ"}V}] + (N + 1) log det R + const (50)

where

Fan® [ fipitel¥io ax, 51)

P2 (G- T = Fud etz 52
Plaw® [Gro =V = Fu pitaltnaz, (53
a2 [ pitaly) an (54)

Pl 2 / (g — o) (e — o) e V) dx (55)

Ui 2 Gl — Fan) Gy — Fan)” (56)

In addition, X7,y € R?and (P}, y)* € R?? denote the part of the
state (i.e., the nonaugmented state) in the mean and covariance of the
augmented state X, . 1y, respectively. To calculate the statistics given
by Egs. (31-55), an unscented transform based on p;(z,|Yy) given
by Eq. (39) is used. That is, sigma-points {ffli\, e R", Ij,(;l” y ER"
(i=0,---,4n) and their associated weights wi, wi, (i=
0,---,4n) defined next are adopted:

;(l) Zuy :i=0
E(zl)cw = fk\N + am/m(skw)}/z tl=i=2n

kN Zun — o2 F K (Syn)i5, i 2n+ 1 <i<dn
(57)
@ A& [1=2n/[;2n+«,)] :i=0, 58)
T 126220 + k)] 1 <i<d4n
. (i) 2 i
i) A Wms+1_a5+ﬂ3 -l=O,
W‘“_{Wf,il c1<i<dn (59

where o, B, and i, are tuning parameters to be set similarly as a;,
By, and k. It should be noted that CL’I;V(i =0,---,4n) yields not
only p;(z;|Yy) but also p;(x;|Yy) given by Eq. (42).
Funhermore by dividing the sigmg—points in Eq. (57) as C,ﬁ’&v =
(G ST (G eRT YN eR)  and  E0,=
[Eiﬂw Efﬁ)uN]T (Sﬁ)lw € RY, ‘g‘fﬁ)lw € R')), and applying
the unscented transform to Egs. (51-55), the statistics can be
approximated as follows:

4n

Faw = D WRL@ R u €00 (60)

i=0
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4n
=Y WELFGHN me S0
i=0
— Funlf @i e ) = Fun]” 61)

4n

X ~ (i i p
Pk{;’”N - W”)(EkJrl\N xk+1\N)[-f(§k\N’uk’§£|(N))_fk\N]T (62)

i=0

4n

By =Y Widh(§iy ue §03) (63)
i=0

Pl = Z WE (G- we S)
T LICH I i By (64)

It should be noted that the weights W,(,f)r(i = ,4n) are used to
calculate the means fk\N’ hkw, and the welghts W(l)(l = -,4n)
are used to calculate the covariances P{/y, Py} . and PZ"}\, Unlike
the particle methods [21,22], which requires many sample points to
attain accurate approximation of the expectations, the unscented
transform is able to accurately approximate the expectations with a
reasonable number (i.e., 4n + 1) of sigma-points.

F. Minimization of the Cost Function
Now let us consider the optimal @ (i.e., the collection of the

elements of X,, P, @, and R) minimizing the cost function J (6, ] . at
each M-step in the EM. To derive it, we use the following theorem:
Theorem I: let us define the following function:

$(Z) =Tr(Z'A) + logdetZ (65)

where Z and A are positive definite symmetric matrices. The
minimizer of the preceding function is given as follows:

Z=A (66)

The proof is given in Appendix B.

X, and P, appears only in the term of J, among the constituent
terms of the cost function. From Eq. (48), the optimal X, is trivially
given as

x 0= fow (67)

By substituting Eq. (67) to Eq. (48), the term J, can be expressed as
follows:

Ji = Tr(P;' Pyy) + logdet Py + const (68)

Then, by applying Theorem 1, the optimal Py is derived as follows:
P, = Pgy (69)

Furthermore, Q and R appear only in J, and J;, respectively. By

applying Theorem 1 again to Egs. (49) and (50) and, the optimal Q
and R are derived as follows:

1 S ‘X X
= NZ[(P?GIIN) Pl{lc\’ ka'ilw - ka'ilw + Uil (70)
=0

NI 12[(J’A hk\N)(yk hkw)T + Pijy] (71)

Consequently, in the M-step of the EM, the statistics @ is updated by
Eqgs. (67) and (69-71). In the sense that the optimal @ at each M-step
can readily be calculated in the analytical form as in Eqgs. (67) and
(69-71), the developed method is advantageous to the other

smoothing approaches [13,14,21], which require numerical
optimization algorithms for the resulting nonconvex optimization
problem.

G. Summary of the Developed Method

The algorithm of the developed method can be summarized as
follows:

1) Step 1: give initial estimates of x, Py, @, and R.

2) Step 2: perform the UKF algorithm (step F-1 to step F-4).

3) Step 3: perform the URTSS algorithm (step S-1 to step S-3) with
an insertion of the following step between step S-2 and step S-3.

4) Step S-2’: calculate Zyy and Sy from Egs. (ﬂ)) and (ﬂ).
Subsequently calculate the s1gma pomts §£")N, Effl” N (i= -, 4n)

from Eq. (57). Then calculate fkw, k\N’ hyy, P k\N’ and Uk+, by
Egs. (36) and (60-64).

5) Step 4: update x,,, Py, @, and R by Egs. (67) and (69-71).

6) Step 5: calculate the estimate of the parameter p by

N
p= (Z x{kw}”)/(N +1) (72)
pm

7) Step 6: if either the number of iterations reaches the specified
value or the changes of the estimates of X, Py, @, and R are all small,
then terminate the algorithm. Otherwise, go back to step 2.

III. Numerical Examples

A. Estimation of Aerodynamic Parameters of Linearized
Aircraft Dynamics

Let us first consider a problem of estimating lateral-directional
aerodynamic parameters of a linearized dynamics model of an
aircraft. The model is postulated as follows:

1) State equations:

Tkt
Pis1 = Pr + / 1(Lpl’ + L,r+ Lg8, + LS, + LgB + Lo) dt
I

+ Wy (73)

Ik
k1 = Tk +/ Jrl(I\Ipp + Nrr +N3a8n + N5r5r + Nﬂﬂ + NO)dt
3
+ Wy (74)

where ¢ is the time (s), p is the roll rate (rad/s), r is the yaw rate
(rad/s), 8, is the aileron deflection angle (rad), 8, is the rudder
deflection angle (rad), and B is the sideslip angle (rad), and wy;, (i =
1,2) is the process noise.

2) Observation equations:

DPmi = Pr + Vi) (75)

Tk = T + Vi) (76)

where the subscript m denotes the measured output, and vy; (i =
1,2) is the measurement noise.

The sideslip angle f is treated as one of the measured inputs, and
hence its dynamics is not considered as a state equation. This
simplified model is introduced in [3]. The state variable vector is
X, =[p: q:]", the measured input vector is u=
[8 84 PBi]”, the measured output vectoris y, =[P Fu I7»
and the unknown parameter vector is p =[L, L, Ls, Ls
LﬁLON[,N,NﬁaNs,NﬂNO]T. The integral terms in Eqgs. (73) and (74)
were numerically calculated by the fourth-order Runge—Kutta
scheme with a time step of 0.02 s. It should be noted that the state
equations are nonlinear with respect to the augmented state
x,=[xF pl'l". We artificially generated a flight test data via
numerical simulation using the time histories of the inputs and
reference values of the aerodynamic parameters taken from [3]. The
true initial state and covariances were defined as follows:
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Po = 9.661 x 1073 [rad/s], ro = 1.434 x 10~* [rad/s] (77)

Py=0y4. Q=101 R =10"°I, (78)
Figure 1 shows the time histories of the inputs and the true state
variables generated by the simulation.

The developed method was applied with initial estimates of
Xo=[1.153x10723.049 x 1072 0y, )", Py =14,0 =1,,and
R = I,,. The first two elements of the initial estimate of X, are the
same as the measured outputs at the initial time. The tuning
parameters of the unscented transform were specified as
o =0, =102, B, = B, =2,k; = 1, and k, = —1. The maximum
number of iteration was specified as 10*, and for simplicity reaching
it was the only condition to terminate the algorithm. For comparison,
the methods of [20] (the linear smoother with EM) and [21] (the
particle smoother with EM) were also applied to this problem. Since
the method of [20] estimates the system matrices of discrete linear
systems, i.e., matrices A, B, C, and D in X, = AX; + Bu; and
¥ = CX; + Du,, we modified it such that the matrices C and D were
mandatorily updated to identity matrix and zero matrix, respectively,
for the uniqueness of the parameters to be estimated. In addition,
once the estimated matrices A and B were obtained, they were
transformed into the matrices for continuous system by the bilinear
approximation. Moreover, we modified the method of [21] such that
the Powell’s direction set method [24] was used as the optimization
algorithm, because, in our experience, it was more robust than the
original gradient-based algorithm. The number of particles was
specified as 100. In each method, the maximum number of iterations
and the initial estimates were the same as the developed method.

Table 1 shows the true values and the estimates of unknown
parameters obtained by the three methods. As can be seen, the
estimates obtained by the developed method agreed best with the true
values. The reason for the relatively inaccurate estimates by the
method of [20] may be the modification of the mandatory update of
the matrices C and D, because the combination of these mandatorily
updated matrices and the matrices A and B produced by each M-step
does not necessarily maximize the expectation. Nevertheless,
without this modification, we obtained less accurate estimates. On
the other hand, the method of [21] stopped after 14 iterations and got
trapped in a poor local optimum. The reason for this may be the
insufficiency of the number of particles as well as the poor initial
estimates. However, the specified number of particles was larger than
that of the sigma-points used in the developed algorithm. In addition,
the method of [20] and the developed method started from the same

Sq[rad]

8, [rad]

B [rad]

p [rad/s]

r [rad/s]

-0.05

0 5 _ 10 15
Time [s]

Fig. 1 Inputs and true states (linearized problem).

Table 1 Estimated parameters (linearized problem)
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Parameter  True  Developed Method of Method of
value method [20] [21]
L, 1/s =2.072 =2.075 —2.080 —1.648
L.,1/s 1.019 1.045 1.074 1.755
Ls,, 1/s?2  —6.334  —6.336 —6.491 —-5.722
Lg., 1/s? 1.195 1.160 1.560 2.750
Lg, 1/s*  —3.800  —3.779 —3.694 —7.385

Ly, rad/s>  0.010 0.011 0.0090 1.4x 107
N, 1/s —=0.170  —0.168 —0.149 —2.836
N, 1/s —0.425 —0.419 —1.081 —79.628
Ns,» 1/ —0.378  —0.376 —0.360 —2.929
Ns,, 1/s> —1.719  —1.608 —0.0763 1.629
Npg, 1/s* 3.031 2.984 2.852 0.594
Ny, 0.034 0.033 0.021 —0.995

rad/s’

initial estimates. Using a computer equipped with Intel Core 2
2.4 GHz and 4.0 GB RAM, the computational times were 1.071 x
103 s for the developed method, 76.44 s for the method of [20], and
4.454 x 10* [s] for the method of [21], respectively. Although the
computational time for the developed method is longer than that of
the method of [20] because it employs the unscented transform to
cover nonlinear functions, it is much shorter than that for the method
of [21]. The long computational time for the method of [21] was
because the calculations of the expectation were repeated many times
in an iteration of the optimization algorithm.

Figures 2—4 show the estimation profiles of the parameters, the
statistics of the initial state, and the noise covariances as functions of
the iteration number. As can be seen, the estimated parameters
produced by the first iteration were very poor. This was presumably
because of the large uncertainty in the estimates of the statistics of the
initial state and noise covariances. As these statistics were updated to
more accurate values by the iterations, the agreement between the
estimated parameters and the true values became better. The
parameters and the statistics except for the covariance of the initial
state almost converged after the first 100 iterations. The noise
covariances produced by the final iteration (=10"-th iteration) were
as follows:

0= 6.651 x 107 1.830x 107?
T 1.830x 107° 6.415x 1070 |’
(79)
R= 9.285x 1077 —3.356 x 1078
T —3.356x 107 1.224 x 10°¢

It can be confirmed from Figs. 3 and 4 and Eq. (79) that the converged
statistics agreed well with their true values as a whole. In particular,
an acceptable agreement was observed in the process noise
covariance Q, which has often been difficult to estimate relative to the
other statistics [3].

The errors between the estimated and true state variables are
shown in Fig. 5, wherein £yy(k =0,---, N) obtained at the final
iteration are treated as the estimated state variables (the subscript e in
this figure denotes the error). It can be confirmed that these errors are
sufficiently small relative to the absolute values of the true state, i.e.,
the estimated state agreed well with the true state.

B. Estimation of Longitudinal Aerodynamic Parameters of
Nonlinear Aircraft Dynamics

As a practical application, let us consider a problem of estimating
longitudinal aerodynamic parameters of a nonlinear dynamic model
of the research aircraft HFB-320. An actual flight test data was
published in [3]. Figure 6 shows the time history of the elevator
deflection angle 6, (rad) and the thrust 7' (N) measured in the flight
test. The longitudinal motion was excited through multistep elevator
input, resulting in short-period motion, and a pulse input leading to
phugoid motion.
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Fig. 2 Parameters as functions of iteration number (linearized problem).
The following model has been postulated:
1) State equations:
L‘S 10l Tkt .
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Fig. 3 Statistics of initial states as functions of iteration number
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Fig. 4 Noise covariances as functions of iteration number (linearized

problem).
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Fig. 6 Measured inputs (nonlinear problem).
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Table 2 Constant parameters in the nonlinear problem

Parameter Value

0.7920 kg/m?
9.80665 m/s>

Air density p,;,
Gravity acceleration g

Mass m 7472.0 kg
Moment of inertia 7, 2.2847 x 10* kgm?
Reference area S 30.097 m?
Mean aerodynamic chord ¢ 0.6075 m
Reference velocity V¢ 104.67 m/s
Thrust inclination angle o 0.0525 rad
Moment arm of the thrust —0.1603 m

I, sinoy + [, sinoy

G =ty + f “lg—{L + T'sin(a + 07)}/ (mV)

k

+ gcos(a — 0)/V]dr + wy 81)
Tit1
9k+1 = ek + / th + wk(g) (82)
Tk

kg1 . .
qrv1 =G + / M + T(l,sinop + 1. sinoy)]/ 1, dt + wye
1k
(83)

where 7 is the time (s), V is the velocity (m/s), « is the angle of attack
(rad), fis the pitch angle (rad), g is the pitch rate (rad/s), D is the drag
(N), L is the lift (N), M is the pitching moment (N -m), and
Wy (i =1,---,4) is the process noise. Table 2 summarizes the
constant parameters. In addition, D, L, and M are expressed as

D = q,S[Cpy + Cpy(V/Vier) + Cpu@] (34)
L= qu[CLO + CLV(V/Vref) + CLota] (85)

M= quE[CmO + CmV(V/Vref) + Cmtxa + Cmq (qE)/(ZVref)
+ Cm&ese] (86)

where g, £ p,i, V?/2.
2) Observation equations:

Ve = Vie + vy (87)
Ui = O + V2 (88)
O = Ok + Vi) (39)
Gk = G T Vi (90)

G mk = My + Ty (L, sinoy + [, cos o7)]/ 1, + Vs ©On

Ay = (L siney — Dy cosay + Ty cos o7)/m + vy (92)

Ay = (—Lycosay — Dy siney + Ty sinoyp)/m + vy (93)

0 10 20 30 40 50 60
Time [s]
Fig. 7 Estimated outputs (nonlinear problem).

where the subscript m denotes the measured output, a, is the
acceleration along the X-axis (m/s?), a, is the acceleration along the
Z-axis (m/s?), and Vg (i = 1,--+,7) is the measurement noise.

The state variable vector is X, =[V, o, 6, q.]", the
measured input vector is u; =[8,, T;]", the measured output
vector is Y = [mG [ emk 9 mk q’mk a.\'m(k) azm(k) ]T
and the unknown parameter vector is p=
[ CDO CDV CD[x CLO CLV CLa CmO CmV Cm[x
C,ugCusc]”. The measurements were performed over 60 s at a
frequency of 10 Hz. The integral terms in Eqgs. (80-83) were
numerically calculated by the fourth-order Runge—Kutta scheme
with a time step of 0.1 s.

The developed method was applied with initial estimates of
Xo=[1063 0.1117 0.1054 —3.440x1073 0,,,]", Py=
1,5, 0 =1,, and R = I,. The first four elements of the estimate of

s

Ve [m/s]

aze[m/sz] am[m/sz] qe[rad/sz] ge [rad/s] 6, [rad] ©.[rad]

10 20 30 40 50 60
Time [s]

Fig. 8 Deviation of the estimated outputs from the measured outputs

(nonlinear problem).
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Table 3 Estimated parameters (nonlinear problem)

Parameter Reference Estimate by developed
method
Cpo 0.123 0.123
Cpy —0.0645 —0.0651
Cpy 0.320 0.321
Cro —0.0929 —0.0911
Cry 0.149 0.149
Cla 4.328 4.308
C,o 0.112 0.107
Cv 0.0039 0.0116
Cpe —0.968 —1.000
Chy —34.710 —38.634
C —1.529 —1.616

X, are the same as the measured outputs at the initial time. The tuning
parameters of the unscented transform were specified as
ap=oa;= 1072, Br=PB,=2, ky=—1, and k, = —5. As is the
case with the previous example, the maximum number of iterations
was specified as 10%, and reaching it was the only condition to
terminate the algorithm.

The estimated outputs yyy(k =0,--+,N) and the deviations of
them from the measured outputs are shown in Figs. 7 and 8,
respectively. As can be seen in these figures, the deviations are
sufficiently small relative to the absolute values of the estimated
outputs, i.e., the estimated outputs agreed well with the measured
outputs.

Table 3 shows the estimated values of the unknown parameters.
The values in the column labeled “Reference” in this table are the
successful estimation results by the FEM presented in [3]. It should
be noted that in the calculation of the FEM, the initial values of the
unknown parameters were specified at the vicinity of the estimated
optimum. On the other hand, arbitrarily determined initial estimates
were used for the developed method, but the final estimates produced
by it show good agreement with the references obtained successfully

ey
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(=]
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Fig. 10 Statistics of initial states as functions of iteration number
(nonlinear problem).
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by the FEM. We tried to perform the estimation by the FEM and
the method of [21] with 100 particles starting from the same
initial estimates as those in the developed method, but they failed.
These results indicate the convergence robustness of the developed
method.

Figures 9-11 show the estimation profiles of the parameters, the
statistics of the initial state, and the noise covariances as functions of
the iteration number. “Absolute deviation of || %, || ,,” in Fig. 10 means
the absolute deviation between || x|/, at the current iteration and that
at the final iteration. The parameters produced by the first iteration
were far from the reference values presumably due to the large
uncertainty in the estimates of the statistics. As these statistics
converged to certain values by the iterations, the agreement between
the estimated parameters and the reference values became better.
This result indicates that the statistics significantly affected the
accuracy of the estimated parameters also in this problem, and the
developed method achieved accurate estimation of the parameters by
combining the estimation of the statistics via the EM.
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Fig. 9 Parameters as functions of iteration number (nonlinear problem).
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IV. Conclusions

This paper proposed a new method for parameter estimation of
aircraft’s dynamics in state space using the URTSS combined with
the EM algorithm. The developed method calculates the expectation
in the EM by an unscented transform, and analytically finds the
maximizer of the expectation. These properties enable the developed
method to achieve low computational cost and high robustness. By
applying the developed method to the aerodynamic parameters
estimation problems and comparing with the existing methods, the
accuracy, robustness, and efficiency of the developed method were
confirmed.

Possible future work includes extending the algorithm to be
applicable to the multiple flight test data.

Appendix A: Treatment of Nonadditive Process Noise
Let us consider the state equation in the following form:

X1 = f (X, @0 U, p) + wy (A1)

w
[w,ﬂ ~N(.Q) (A2)

where w;, € R? and w, € R" are the additive process noise and the
nonadditive process noise, respectively. Although the state equation
defined preceding is more general than those defined by Eq. (7), by
defining a new state as X¢ £ [ ®!']7,Eq.(Al) canbe rewritten in
the form of Eq. (7) as follows:

- X -
P = [wkkf. } = PEouep) wl (A3

where

1o 2| TSP wv0.0) o

Because the initial nonadditive noise @ is a part of x§, its PDF is
included in that of the augmented state x, = [(x3)" pl']"
Eq. (12).

Appendix B: Proof of Theorem 1

This appendix gives a proof of Theorem 1. Let us assume Z is a
positive definite symmetric matrix in R“*“, and define S¢ as a cone of
positive definite symmetric matrices in R**“. Then S¢ includes a
matrix § £ Z~!. The problem of finding Z which minimizes ¢(Z) is
equivalent to finding S which minimizes the following equation:

¥(S) =Tr(SA) — logdet S (B1)

Differentiation of Eq. (B1) with respect to S is

W) _ 4 — g (B2)
a8

Therefore, S = A~! is the extremum of (S). Moreover, it is known
that ¥/(S) is a convex function in §4 [15]. Let us prove this fact next.
Without loss of generality, any element of S¢ can be expressed as
A~" 4 0V, where V € S% and 6 € R. Then ¥/(S) is rewritten as
follows:

Y(S) = Y(A™" +0V) =Tr[(A~" + V) A] — log det(A~" + V)
=Tr(I, + 6VA) —logdet(I + 6W) 4 logdet A = a

+60Tr(VA) = log(l + 61;) + logdet A (B3)

i=1

where W £ A2V A2, and A1, -+ A, are eigenvalues of W. Then,
the second-order derivative of ¥(A~! 4+ 6V) with respect to 6 is
given as

P A V) =

3 Z i+ W )2 >0 B

This means ¥/(S) is a convex function of arbitrary S € S%, and hence
S = A~! minimizes ¥(S). Therefore, Z(=S~') = A minimizes the
function ¢(Z).
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